Recent advances in physiological data collection methods have made it possible to test the accuracy of predictions against speaker-specific vocal tracts and acoustic patterns. Vocal tract dimensions for /./ derived via magnetic-resonance imaging ͑MRI͒ for two speakers of American English ͓Alwan, Narayanan, and Haker, J. Acoust. Soc. Am. 101, 1078-1089 ͑1997͔͒ were used to construct models of the acoustics of /./. Because previous models have not sufficiently accounted for the very low F3 characteristic of /./, the aim was to match formant frequencies predicted by the models to the full range of formant frequency values produced by the speakers in recordings of real words containing /./. In one set of experiments, area functions derived from MRI data were used to argue that the Perturbation Theory of tube acoustics cannot adequately account for /./, primarily because predicted locations did not match speakers' actual constriction locations. Different models of the acoustics of /./ were tested using the Maeda computer simulation program ͓Maeda, Speech Commun. 1, 199-299 ͑1982͔͒; the supralingual vocal-tract dimensions reported in Alwan et al. were found to be adequate at predicting only the highest of attested F3 values. By using ͑1͒ a recently developed adaptation of the Maeda model that incorporates the sublingual space as a side branch from the front cavity, and by including ͑2͒ the sublingual space as an increment to the dimensions of the front cavity, the mid-to-low values of the speakers' F3 range were matched. Finally, a simple tube model with dimensions derived from MRI data was developed to account for cavity affiliations. This confirmed F3 as a front cavity resonance, and variations in F1, F2, and F4 as arising from mid-and back-cavity geometries. Possible trading relations for F3 lowering based on different acoustic mechanisms for extending the front cavity are also proposed.
INTRODUCTION
Historically, models for the more articulatorily complex liquids have been less well developed than models for vowels and obstruent consonants ͑Chiba and Kajiyama, 1941; Fant, 1960 Fant, , 1980 Stevens, 1999; Rubin, Baer, and Mermelstein, 1981; Harshman, Ladefoged, and Goldstein, 1977; Maeda, 1982͒ . Recently, however, several researchers have proposed models of the acoustics of American English /./ ͑Stevens, 1999; Alwan et al., 1997; Hagiwara, 1995; Veatch, 1990; Ohala, 1985͒ and similar rhotic sonorants ͑McGowan, 1994; Narayanan et al., 1999͒ . Several aspects of /./ make this a complicated and interesting task. First, /./ is characterized by a particularly stable acoustic pattern of F3 lowering close to the value of F2 ͑Boyce and Espy- Guenther et al., 1999͒ . However, the acoustic means by which F3 is lowered has not been clear. Second, speakers of ''rhotic'' varieties of American English use a multitude of articulatory configurations ͑Westbury et al., 1999; Delattre and Freeman, 1968; Zawadaski and Kuehn, 1980; Alwan et al., 1997; Ong and Stone, 1998͒ . These configurations may involve substantially different tongue shapes and different parts of the tongue as primary articulators, but researchers so far have failed to link patterns of acoustic variability in formant values with the different articulatory configurations. For instance, Delattre and Freeman's ͑1968͒ grounda͒ Electronic mail: espy@bu.edu breaking x-ray study of articulatory configuration types across speakers failed to identify consistent acoustic differences associated with different types. Similarly, studies by Westbury et al. ͑1999͒ and Guenther et al. ͑1999͒ have found that different types of articulatory configurations could not easily be correlated with specific patterns of formant values. The conclusion has been that different configurations produce essentially equivalent acoustical profiles ͑Delattre and Freeman, 1968; Westbury et al., 1999͒ . As such, American English /./ is often cited as an example of a many-to-one articulatory-acoustic relationship. Third, acoustic models of /./ must deal with three constrictions along the vocal tract, and the dimensions of the cavities thus formed were not known from physiological data until recently ͑Moore, 1992; Alwan et al., 1997; Ong and Stone, 1998͒ . This is particularly true of the sublingual space, which is not easily estimated using surface point-tracking systems such as x-ray microbeam or palatography ͑but see Sundberg et al., 1992 , for an alternative method͒.
Because of the difficulty in obtaining precise physiological data for vocal tract dimensions during a segment of interest, investigators developing acoustic models have for the most part been forced to make plausibility the criterion for assumptions about physical vocal tract features, such as constriction size, cavity volume, etc. In addition, the criteria for a successful match between predicted and actual acoustic patterns have been in terms of ability to capture general patterns of phonemic difference across multiple speakers. Recently, however, advances in physiological data collection methods have made it possible to test the accuracy of predictions against speaker-specific vocal tracts and acoustic patterns. This advance enables model makers to use a more demanding set of criteria; namely, a successful match between predicted and actual patterns for a given speaker's vocal tract. For instance, Story et al. ͑1996͒ used MRIderived vocal-tract area functions from a single speaker to obtain simulated formant frequencies for vowels that were almost always within 10% of those measured from natural speech. In a similar study, Yang and Kasuya ͑1994͒ obtained vowel formant frequencies from a model using MRI-derived area functions that were within 5% of those measured from natural speech.
In this paper, we use recently available magnetic resonance imaging ͑MRI͒ data for American English /./ ͑Alwan et al., 1997͒ to examine various current theoretical models of the acoustics of /./ in greater detail and with narrower criteria than has previously been possible. These data, and modifications thereof, are used to supply vocal-tract dimensions for VTCALCS, Maeda's vocal-tract computer modeling software ͑1982͒. Our major aim is to understand the acoustic mechanism responsible for the distinctive characteristics of /./, in particular, its unusually low F3.
A. Acoustics of Õ.Õ
American English /./ occurs both as a syllable nucleus and in consonantal position, where it is classified as a sonorant liquid.
1 The characteristic formant pattern for both involves an F1 -F2 pattern similar to that of a canonical central, rounded vowel ͑Espy-Wilson, 1992͒, together with a very low F3. A typical example of intervocalic /./, illustrating the severe dip in F3, is shown spectrographically in Fig.  1 . As in this case, F3 is often low enough to approach and/or merge with F2 ͑Stevens, 1999͒. F1 and F2 values are predictable from the general articulatory shape of /./, and accordingly overlap with those of vowels with similar place and height features. The F3 of such vowels is around 2500 Hz or above for most speakers ͑cf. Hagiwara, 1995͒. Consequently, the major problem in modeling the acoustics of American English /./ is accounting for the very low third formant. Although formant values for /./ vary somewhat from speaker to speaker and across prosodic conditions such as initial vs final word position, syllabic vs consonantal function, etc., F3 remains low relative to other segments. In a study of male-female and subject-to-subject variability in formant frequencies for /./, Hagiwara ͑1995͒ used F3 in the neutral vowel to normalize between-speaker formant frequencies. He then determined that F3 for any one subject falls between 60% and 80% below the F3 value in the neutral vowel. For most speakers, this puts F3 below 2000 Hz. The range of actual values reported in the literature ͑across sex, syllabic vs consonantal prosodic position, etc.͒ is approximately 250-550 Hz for F1, 900-1500 Hz for F2, and 1300 -1950 Hz for F3 ͑Delattre and Freeman, 1968 Lehiste, 1962; Zawadaski and Kuehn, 1980; Nolan, 1983; EspyWilson, 1992; Westbury et al., 1999; but see Hagiwara, 1995 , for outliers͒.
B. Articulation of Õ.Õ
Overall, articulatory configurations for /./ involve three constrictions: in the pharynx, along the palatal vault, and at the lips. The configurations differ most by what happens in the palatal region, i.e., by whether the effective constriction occurs ͑1͒ at the alveolar ridge and is made solely by the tongue tip, ͑2͒ in the palatovelar region and is made solely by the tongue dorsum with a lowered tongue tip, or ͑3͒ in both alveolar and palatovelar regions, and is made by the simultaneous raising of the tongue tip and tongue dorsum. Traditionally, these configurations have been divided into contrasting categories of ''retroflex'' ͑in which the tongue tip is raised and the tongue dorsum is lowered͒ versus ''bunched'' ͑in which the tongue dorsum is raised and the tongue tip lowered͒ ͑Delattre and Freeman, 1968; Shriberg and Kent, 1982; Kent, 1998͒ . However, as a number of re- searchers have pointed out, these two categories are only the extremes in a continuum that includes many incremental variants ͑Zawadaski and Kuehn, 1980; Delattre and Freeman, 1968; Westbury et al., 1999; Alwan et al., 1997; Guenther et al., 1999; Ong and Stone, 1998͒ . Further, the variant in which both tongue tip and tongue dorsum are raised does not easily fit into the traditional dichotomy of retroflexed versus bunched. In this paper, therefore, the major types of configurations will be categorized as ͑1͒ tip-up retroflex /./, ͑2͒ tip-up bunched /./, and ͑3͒ tip-down bunched /./. It is worth noting that these different configurations occur both within and across speakers; that is, while some speakers may use one type of configuration exclusively, other speakers switch between two or three different types of configurations for /./ in different phonetic contexts ͑Delattre and Freeman, 1968; Guenther et al., 1999͒ , and according to prosodic variables such as word position, syllabic versus consonantal function, etc. ͑Delattre and Freeman, 1968; Zawadaski and Kuehn, 1980͒.
C. Modeling Õ.Õ: Acoustic sources of F3
Proposed models of the acoustics of American English /./ divide into two types: ͑1͒ the Perturbation Theory account, which has been promulgated primarily through teaching and laboratory demonstrations, 2 but is described in Johnson ͑1997͒ and Ohala ͑1985͒, and ͑2͒ decoupling accounts, exemplified by the model of Stevens ͑1999͒ and modified versions by Alwan et al. ͑1997͒ and Narayanan et al. ͑1999͒ . The Perturbation Theory account of /./ is based on a general principle of tube acoustics; namely, that for a relatively open tube, constrictions at points where standing waves have maximum volume velocity have the effect of lowering the natural resonances of the resonating tube ͑Chiba and Kajiyama, 1941; Heinz, 1967; Schroeder, 1967͒ . Such points of sensitivity to constriction are commonly invoked to explain the formant-lowering effect of lip-aperture narrowing and to predict the effect of certain articulatory changes on vowel acoustics ͑Stevens, 1999, p. 284; also Mrayati, Carré, and Guérin, 1988͒ . It happens that when the vocal tract is modeled as a quarter-wavelength tube, maximum volume velocity points for F3 occur in the pharyngeal, palatal, and labial regions. Because the common denominator across various types of /./ is the presence of constrictions in these three regions, some investigators have suggested that the lowering effects of all three combine to produce the low F3 typical of /./ ͑Hagiwara, 1995; Veatch, 1990; Ohala, 1985͒ . Indeed, modeling trials where realistic constrictions are inserted at points of maximum velocity produce F3 values in the appropriate range for /./ ͑Espy-Wilson et al., 1997͒. The usefulness of this approach for modeling speech sounds in general is controversial ͑Boe and Perrier, 1990͒; with regard to /./ this is primarily because the perturbation effect applies only to cases where constrictions are mild.
3
Another prediction of the Perturbation Theory account is that speakers place their actual constrictions for /./ at extremely specific points along the vocal tract, i.e., the points of maximum volume velocity. Thus, a finding that speakers place constrictions at other points along the vocal tract would be evidence against this model of /./ acoustics.
In contrast to the Perturbation Theory account, decoupling accounts, such as Fant ͑1960͒, Stevens ͑1999͒, Alwan et al. ͑1997͒, and Narayanan et al. ͑1999͒ , assume that the vocal tract is divided into several different tubes, of differing areas and lengths, and that different formants have their origin as resonating frequencies of different tubes. Thus, a major issue for decoupling accounts is the question of boundary conditions for the particular shapes, lengths, and proportions of tubes in the vocal tract. If a constriction at one end of a cavity is narrow enough, for instance, the cavity is modeled as a tube with a closed end. If a constriction is wide enough, cavities on either side of the constriction are no longer decoupled. If both ends of a cavity have narrow constrictions, and the cavity-to-constriction ratio is high enough, the cavity and the constriction anterior to it can be modeled as a Helmholtz resonator. If, on the other hand, the constriction posterior to the cavity is narrow and the constriction anterior to the cavity is wide, the cavity and the anterior constriction can be modeled as a quarter-wavelength tube. The choice of such boundary conditions determines the appropriate equations for estimating formant frequencies and, conversely, determines which of many possible combinations can match a particular set of formant frequencies. Until recently, the dimensions of cavities and constrictions in the vocal tract had to be estimated, based on what seemed anatomically likely and what worked to produce formant frequencies approximately in the correct range. As we show in this paper ͑see Sec. II E, simulation experiment 5͒, availability of directly observed, segment-specific physiological data allows the boundary conditions for modeling to be determined substantially more accurately.
The most detailed model of the acoustics of /./ can be found in Stevens ͑1999͒, which was primarily designed for articulatory configurations found in tip-up /./'s where the tongue dorsum is lowered. A sketch of this model is shown in Fig. 2 . Note that this model assumes a sizable difference between the area of the back cavity ͑about 3 cm 2 ͒ and the area of the front cavity ͑0.5 cm 2 ͒. Also, Stevens included a substantial sublingual space with a volume of 8 cm 3 . Similar models are given in Fant ͑1960͒, Alwan et al. ͑1997͒, and Narayanan et al. ͑1999͒ . In Stevens' model, the palatal constriction is assumed to be narrow enough, and the lip constriction narrow enough, that the cavity behind the lips ͑i.e., the ''front'' cavity͒ and the lip cavity can be modeled together as a quarter-wavelength tube that is closed at the palatal end and open at the lip end. F3 is assumed to be the lowest resonance of this quarter-wavelength tube.
4 Given this assumption, the front cavity must be 5 cm long to produce a resonance at 1750 Hz-a value in the middle of the typical F3 range for English speakers. It must be correspondingly longer in order to produce a resonance in the lower portion of the typical range, e.g., 1300-1600 Hz. This model may also be modified in such a way that, if the lip constriction is narrow enough, the front part of the vocal tract may resemble a Helmholtz resonator. That is, it may consist of a relatively large cavity with an anterior constriction ͑due to either lip rounding or natural tapering by the teeth and lips͒. In this case, a high volume-to-constriction degree ratio is required in order to produce an F3 within the typical range.
I. METHOD

A. Magnetic resonance imaging data
The data used for this study were collected by Alwan et al. ͑1997͒ . They used magnetic resonance imaging ͑MRI͒ to collect data from four phonetically trained native American English speakers who produced sustained /./'s in two different production conditions, as described below. Subjects sustained each sound for 13-16 s in a supine position, enabling four or five image slices to be recorded in that time period ͑about 3.2 s per image͒. Recordings were made in sagittal, axial, and coronal planes. Subjects repeated each sound six to nine times, with a pause of 3 to 10 s between repetitions, to enable the entire vocal tract to be scanned. Further details of the MRI recording, data acquisition, and analysis methodologies are provided in Alwan et al. ͑1997͒ and Narayanan et al. ͑1997͒ .
Production conditions for Subject PK consisted of instructions to produce a retroflex and a bunched /./. Tracings of the midsagittal profiles for these productions are shown in the left and right lower panels of Fig. 3 . Note that the production labeled as tip-up bunched /./ in Fig. 3 came from the retroflex condition, and the production labeled as tip-down bunched /./ came from the bunched condition. 5 In other words, for the retroflex condition, the speaker produced an /./ with both dorsum and tongue tip raised. This was somewhat of a surprise, as the traditional image of a retroflex /./ involves a lowered tongue dorsum ͑Delattre and Freeman, 1968; Kent, 1998͒. Production conditions for Subject MI consisted of intentional production of /./'s as they would occur in word-initial position and syllabically. These are again shown in the left and right upper panels of Fig. 3 . Notably, Subject MI also produced /./'s with raised, or bunched tongue dorsum; his tongue tip is slightly raised in his ''word-initial'' /./. Altogether, we consider four sets of vocal-tract dimensions from two speakers, corresponding to the four vocal-tract profiles in Fig. 3 . All fit the category of bunched, i.e., the tongue dorsum is up.
MRI data consisted of cross-sectional images, from which vocal-tract area functions were calculated. Area functions were measured separately for the sublingual space ͑when appropriate͒ and for the continuous supralingual space running from the lips to the glottis. Figure 4 shows the area functions for the supralingual space for each of the four data sets. The data are positioned such that the glottis is to the left, at 0 cm, while the lip opening is on the right. Larger areas under the curve indicate vocal-tract cavities; constrictions occur where the distance between the data curve and the abscissa are small. These area functions served as input for the Maeda ͑1982͒ vocal-tract model VTCALCS, a computer program using standard acoustical tube assumptions to predict formant frequencies from vocal-tract dimensions. We used a MATLAB version of the original VTCALCS program developed by Dr. Ronan Scaife ͑personal communication͒. For Subject PK this involved a model vocal tract of 15.3 cm, divided into 51 sections of 0.3-cm length. For Subject MI, this involved a model vocal tract of 18 cm, divided into 60 sections of 0.3-cm length.
The cross-sectional areas of the sublingual space measured from MRI data for each subject and production condition are listed in Table I . Note that sub-and supralingual space was measured from coronal sections in the superiorinferior plane; thus, the sublingual space is defined as any space bounded vertically by the tongue and buccal floor. For PK, the sublingual space was measured as being three sections ͑i.e., 0.9 cm͒ long for both her tip-up and tip-down production conditions. Sublingual space lengths were measured as four sections ͑i.e., 1.5 cm͒ long in the case of MI's word-initial /./ and four sections ͑1.2 cm͒ in the case of MI's syllabic /./. The sublingual cavity started at 3 cm from the lips for both of MI's productions, and at 2.1 cm from the lips in both of PK's production conditions. These words were embedded in the carrier phrase ''Say again.'' The speech data were recorded in a soundproof facility at 44.1 kHz directly onto a Sun workstation and were later downsampled to 11.025 kHz. An omnidirectional microphone ͑Beyerdynamic M101͒ with a flat frequency response ͑within 4 dB͒ between 40-20 000 Hz was placed at approximately 22 cm from the subject's mouth at about a 15°a ngle off the midline. The Entropic Signal Processing Systems ͑ESPS͒ Waves environment was used to display spectrograms of each utterance and automatically track the first four formants. Measurement of the formants was made at the lowest point of F3. In a few utterances ͑one for PK and three for MI͒, it was not possible to get the frequency of F4 when F3 was at its lowest point. The energy above F3 was very weak, so F4 was not visible in the spectrogram and was not properly tracked. Thus, these values of F4 were not considered in our analysis.
C. Vocal-tract acoustic model
Vocal-tract modeling in this study is based on the VTCALCS program developed by Maeda ͑1982͒. This timedomain simulation of the vocal tract assumes onedimensional wave propagation and includes acoustic losses due to yielding walls, fluid viscosity, and radiation effects from the mouth. VTCALCS as originally written allows for a side branch corresponding to the nasal cavity in the velar region, but this option is not suitable for modeling the sublingual space. To model the sublingual space, we modified the original VTCALCS program ͑in its MATLAB version͒ to allow for a parallel side branch in the palatal region ͑Jackson et al., submitted͒. This modeling procedure is discussed in detail in Sec. III D.
II. SIMULATION EXPERIMENTS
An ideal model of the acoustics of /./ will account for the full range of variability in formant values exhibited by all speakers of American English. However, since the MRI data from our speakers may not match all speakers' vocal tracts, our aim was to match the range of variability in formant values for our particular speakers, as shown in their real word productions. All experimental simulations in this paper used as their base the vocal-tract area functions reported in Alwan et al. ͑1997͒ and here in Fig. 4 and Table I. Table II contains the F1 -F4 data measured from the subjects' pro- duction of real words containing /./. These data, including the full range of F3 values produced by the speakers, are the standard against which we measure the success or failure of a particular modeling schema. Given the difficulty of accounting for very low F3 in current models, we particularly focus on accounting for the full range of F3.
In experiment 1, we use these data to estimate whether the location of actual constrictions seen in MRI data match the locations predicted by the Perturbation Theory. In experiment 2, we present estimates of formant values produced when the supralingual vocal-tract area functions of Fig. 4 are input to the VTCALCS program, and compare the results to those from real words. In experiments 3 and 4, we present estimates of the formant values when the sublingual area functions are taken into account. Finally, in experiment 5, we develop a simple tube model that accurately predicts F1 through F4 while accounting for formant cavity affiliations across different articulatory configurations for /./.
A. Experiment 1: Locations predicted by perturbation theory
As noted above, the Perturbation Theory approach to /./ assumes that subjects' constriction locations will coincide with the points of maximum volume velocity predicted by the Perturbation Theory.
To determine the predicted locations for our speakers, we calculated points of maximum volume velocity ͑where constriction decreases F3͒, and maximal pressure ͑where constriction increases F3͒, for the vocal-tract lengths 15.3 cm ͑for PK͒ and 18 cm ͑for MI͒. Table III shows how these predicted constriction locations compare with the constriction locations found in the MRI data. Because the MRI data constriction locations extended over several sections, these are expressed as ranges across which the constriction was maximal. The criterion for constriction beginning and end was set at areaϭ1.0 cm 2 for PK and at areaϭ2.4 cm 2 for MI. Wide ranges indicate stretches for which constriction met criterion.
It is clear that for both speakers, real palatal constrictions are long, and appear to cover an area considerably forward of the location predicted by the Perturbation Theory to have the maximal lowering effect on F3 ͑see Table III͒ . Indeed, for both subjects, palatal constrictions center over areas predicted by the Perturbation Theory to correspond with maximal pressure, making constrictions in these areas more likely to raise F3 than to lower it. For PK, the pharyngeal constriction ranges forward of the predicted point. For MI, the pharyngeal constriction apparently covers an area that may be conducive to F3 lowering, but is longer than necessary. Thus, neither the pharyngeal nor the palatal constriction is located as would be predicted by the Perturbation Theory. In particular, the palatal constrictions here cover areas that should affect F3 in the wrong direction. This is true regardless of the type of /./; for instance, PK's ''tip-down'' /./ and ''tip-up'' /./ have slightly different constriction lengths but similarly forward constriction locations and similar constriction degrees. We conclude that subjects are not taking advantage of points of maximum volume velocity along the vocal tract to lower F3 in any obvious way.
B. Experiment 2: Formant frequencies from MRIderived supralingual area functions
As a first approximation to modeling the acoustics of /./ from MRI data, the supralingual area functions from the four MRI data sets were used as input to VTCALCS. The resulting estimates of F1 -F4 values are shown in Table IV .
These estimated formant values are within the general range of F1, F2, and F3 reported across different studies using different speakers of American English ͑see the Introduction, Sec. A above͒. Further, the estimates for F1 and F2 compare favorably with the subjects' real word data, being squarely within their respective ranges and not far from the average frequency values. In contrast, the estimates of F3, at 1938.9 and 2167.5 for PK and 1921 and 1883.5 for MI, are in the very high portion of the reported range across studies, and 2-3 standard deviations higher than the average F3 formant frequency values reported for speakers of American English. Further, these F3 values match only the highest values in each speaker's range. Thus, the shape of the supralingual vocal tract for these subjects ͑as measured by MRI͒ is apparently enough to specify F1 and F2, but is not enough to specify the most notable mid-to-lower values of F3.
There are several possible explanations for this result. First, because the MRI data were collected with the subject in a supine position, differences in the effect of gravity might account for the high F3 values. However, previous studies contrasting vowel formant frequencies produced in supine A more powerful explanation, however, comes from looking at the dimensions of the supralingual MRI vocal-tract data. According to Fant ͑1960͒, F3 is a front cavity resonance. As noted above, when modeled as a quarter-wavelength tube, the front cavity must be around 5 cm long to produce a resonance in the midrange of F3. The length of the front cavity in our supralingual MRI data is less than 2 cm. Thus, given the proportions of the MRI supralingual vocal tract, additional length, or alternative acoustic models, are needed to account for the mid-to-low F3 values produced by these speakers.
C. Experiment 3: Formant frequency estimates from extending the front cavity
Stevens ͑1999͒ and Alwan et al. ͑1997͒ suggest that the sublingual space adds to the volume of the front cavity and thereby lowers the front cavity resonance (F3). Thus, in our first attempt to model the sublingual space, we increased the volume of the front cavity by inserting a uniform tube into the front cavity portion of the MRI-derived area function plots, at the measured location of the opening into the sublingual space. The cross-sectional area of the uniform tube corresponded to the largest area of the sublingual space. The length corresponded to the measured length of the sublingual space. An example of this type of modification is shown in Fig. 5 . Table V shows the F1 -F4 values predicted from the extended front cavity. A comparison of these data with those of Table IV shows that the added volume to the front cavity lowers F3 by 200 Hz to 300 Hz.
Alternatively, the volume of the front cavity can be increased by adding the area of the sublingual space.
D. Experiment 4: Formant frequency estimates using side branch
In this part of the study, we modeled the sublingual cavity as a side branch. To do so, the MATLAB version of Maeda's VTCALCS program was revised to allow a side branch, as shown in Fig. 6 . Sublingual MRI-derived area functions, measured as noted above, were used as input to the model. ͑See Table I for the data.͒ Each section of the side branch is modeled in the same way as the sections in the main tube, and the side branch terminates in an open circuit to model the effects of a hard wall ͑infinite impedance͒. Since the volume element of this side branch and the volume element of the front cavity are in parallel, they effectively add for the purposes of calculating the front cavity resonances. In addition, the model assumes that the sublingual space, acting as a side branch, generates an antiresonance that is proportional to its length. Given the 3-5-section length of the measured sublingual space, this antiresonance can be expected to fall in the range of 5-6 kHz. Details of the side-branch model are reported in Jackson et al. ͑submitted͒.
The formant values obtained are given in Table VI . As   FIG. 5 . MRI-derived area function for PK's tip-up /./ with a uniform tube ͑the length of PK's sublingual space with area equal to the maximum crosssectional area of the sublingual space͒ inserted into the front cavity at the measured location of the opening into the sublingual space. 
Simple tube models
In this section, we consider simple tube models for /./, to determine which cavities contribute to which formants. We consider first the sources of formants F1, F2, and F4 as being the easier to predict, and then consider the source of F3. Overall, we attempt to build a single model with the potential to account for data-derived variations in constriction type, constriction degree, and cavity dimensions. For this analysis, we assume plane wave propagation and no acoustic losses. To be consistent with Maeda's vocal-tract modeling program, the value used for the speed of sound, c, in all calculations was 35 000 cm/s.
Stevens ͑1999͒ provides a simple acoustic tube model, complete with approximate dimensions, for the tip-up retroflex type of /./ configuration as shown in Fig. 2 . To account for the fact that our MRI-derived area functions show slightly different cavity and constriction dimensions and describe bunched /./'s ͑some with the tongue tip up͒, we adapted Stevens' simple tube model to the generic version shown in Fig. 7 . Differences between our model and that of Stevens include the following: ͑1͒ Stevens model assumed a relatively small supralingual front cavity with dimensions equal to the area of the lip opening. Because the MRI data show both a considerably larger oral cavity and tapering of the front part of the mouth around the teeth and lips, our model consists of two tubes, a larger one representing the front cavity and a narrower one representing the lip constriction. ͑2͒ Because the physiological data represents bunched /./'s ͑both tip up and tip down͒, the palatal constriction in our model is considerably longer than that proposed by Stevens. As a result, the total length of each cavity between the palatal constriction and the glottis is shortened. ͑3͒ As Stevens did, we take into account the sublingual space in the acoustic modeling of /./. However, Stevens assumes a considerably longer sublingual space than we found to exist in the MRIderived data. Accordingly, in our model the sublingual space is shorter. ͑4͒ Finally, in Stevens' model the pharyngeal constriction is modeled as a slight narrowing of the tube rather than as a tight constriction. In our data, there was a qualitative difference between subjects' data in degree of pharyngeal constriction. To account for this, we allow for a variant of the simple tube model, in which the pharyngeal constriction is modeled as a separate tube rather than as a perturbation of a larger tube. For purposes of precision in terminology, we refer to the cavity between the lips and the palatal constriction as the ''front'' cavity, the cavity between the palatal and pharyngeal constrictions as the ''mid'' cavity, and the cavity behind the pharyngeal constriction as the ''back'' cavity. Based on data presented here, and elsewhere ͑Espy- Stevens, 1999; Narayanan et al., 1999͒, we assume that F3 is a front cavity resonance.
Our simple tube model, although based on MRI-derived dimensions, is considerably simplified compared to the real dimensions. In what follows, we describe the series of tests we ran to determine how well our estimates of formant frequency values based on simple tube dimensions match estimates based on actual dimensions. To simplify comparisons, we compared formant frequency patterns calculated from the supralingual portion of our model ͑i.e., without reference to sublingual space effects͒ to formant frequencies estimated by the VTCALCS program from MRI supralingual dimensions. The supralingual portion of the model includes all the dimensions listed in Table VII , except those related to the augmented front cavity ͑A f Ј and L f Ј͒ and the augmented back cavity ͑A b Ј and L b Ј͒, which refer to sublingual dimensions.
A sketch of the simple tube model, modified to reflect only supralingual data, is given in Fig. 8 . Speaker-specific dimensions of the different tubes were derived by averaging the areas of the sections appropriate to a particular tube, and summing the corresponding section lengths. In the case of PK, areas less than 1 cm 2 were taken as part of a constriction and areas larger than 1.5 cm 2 were taken as part of one of the larger cavities. The inflection point ͑i.e., the largest first difference͒ in the transition region was taken as the boundary between the constriction and the larger cavity. In the case of MI, areas less than 1.5 cm 2 in the lip area and in the palatal region were taken as part of the constriction. Areas larger than 2.0 cm 2 were taken as part of a larger cavity. The region behind the palatal constriction was divided into several cavities where the areas greater than 2.6 cm 2 formed the larger mid-and back cavities and areas less than this formed the smaller cavity in the pharyngeal region. Table VII shows the tube dimensions derived for our model for each speaker. For purposes of comparison, Fig. 8 shows the supralingual simple tube model for PK's tip-up /./ superimposed on PK's MRI-derived supralingual area function from Fig. 7 .
The supralingual vocal-tract dimensions of the simple tube model were put into VTCALCS, and the resulting formant frequencies are given in Table IX . Compare these results with those of Table V, which were obtained via VTCALCS with the actual MRI-derived supralingual dimensions. As can be seen, differences between F1 -F3 values in Tables V vs IX are no greater than 110 Hz in any case. In fact, for many comparison pairs the correspondence is much closer; for example, the F1 values for PK's tip-up /./ differ by 10.4 Hz while her F3 values differ by 46.5 Hz. Given the simplifications inherent in any simple tube model, these result suggest that our supralingual model is equivalent to the actual MRI-derived dimensions, in terms of its accuracy in predicting our speakers' real formant frequencies.
F1, F2, and F4 calculation (resonances from behind the palatal constriction)
In this section, we dissect the cavity origins of F1, F2, and F4. Both Stevens ͑1999͒ and Alwan et al. ͑1997͒ assume these formants come from a cavity that either involves the palatal constriction or is posterior to it. Stevens ͑1999͒ models F1 and F2 of a tip-up retroflex /./ configuration ͑see Fig. 3͒ as follows: ͑1͒ F1 is a Helmholtz resonance formed by the large back cavity ͑extending from the palatal constriction to the glottis͒ and the palatal and labial constrictions ͑see footnote 3͒, and ͑2͒ F2 is a half-wavelength resonance of the back cavity behind the palatal constriction. Alwan et al. ͑1997͒ propose a similar model, with the difference that F1 is considered to be a Helmholtz resonance formed by the palatal constriction and the back cavity behind it. In contrast to Stevens' approach, the Alwan et al. paper did not take lip constriction into account. They added the observation that F2 may be a Helmholtz resonance between the pharyngeal constriction and the cavity posterior to it if the pharyngeal constriction is narrow enough.
In this context, our data are particularly interesting, because the /./ productions of the two speakers PK and MI show very different degrees of pharyngeal constriction. This can be seen in Table VIII Fig. 4 . A l and L l refer, respectively, to the area and length of the lip constriction, A f and L f refer to the area and the length of the cavity between the lip constriction and the palatal constriction, A f Ј and ryngeal constriction is wide enough, the area behind the palatal constriction may act as a single resonator. We call the latter variant of the simple tube model the long back cavity model, and the former variant the additional cavity model. To determine which model best predicts the different subjects' data, we ran separate calculations for these two variants of the simple tube model, for each speaker and speaking condition.
In the long back cavity variant of the simple tube model, F1 is a Helmholtz resonance formed by the palatal constriction and a back cavity posterior to it ͑extending from the palatal constriction to the glottis, with dimensions A b Ј and L b Ј in Table VII͒ resulting from this method are given in Tables IX and XI. Note that in this simple tube calculation, as in Stevens' model, the pharyngeal constriction is not accounted for. Our data show, however, that it occurs at a point along the tube where a perturbation would be expected to lower the formants by 100-200 Hz.
In the additional cavity method, we model the back part of the vocal tract with a separate tube for the pharyngeal constriction. In this case, the palatal constriction and the cavities posterior to it form a double-Helmholtz ͑coupled͒ resonator. To estimate formant frequencies from this complicated configuration, we had three options for simplifying the calculation of F1 and F2 values at this point; ͑1͒ by assuming decoupling in a distributed system, ͑2͒ by assuming decoupling but using a lumped approximation, and ͑3͒ by using a double-Helmholz lumped equation. In option ͑1͒, we decoupled the double-Helmholtz resonator into two singleHelmholtz resonators. F1 was calculated by summing the admittances of the midcavity ͓ j(A m /c)tan L m /c͔ and the palatal constriction ͓Ϫ j(A c /c)cot L c /c͔ and finding the frequency of the first zero crossing. Similarly, F2 was calculated by summing the admittances of the back cavity ͓ j(A b /c)tan L b /c͔ and the pharyngeal constriction ͓Ϫ j(A pc /c)cot L pc /c͔ and finding the frequency of the first zero crossing. For option ͑2͒ we again assumed decoupled Helmholtz resonators but used lumped approximation to obtain values for
1/2 ͔. Finally, we computed the frequencies for F1 and F2 by using Fant's double-Helmholz lumped equation ͑Fant, 1960͒ to account for the interconnection between the two Helmholtz cavities. These values of F1 and F2 are given in Table X. Note that one consequence of using the lumped-coupled model is that, relative to the lumped-decoupled values, F1 is shifted down by the proportion that F2 is shifted up. To calculate F4, we decoupled all of the tubes making up the double-Helmholtz resonator. F4 was then calculated as the half-wavelength resonance of the longest cavity. For all the subjects and conditions, this meant that F4 was the half-wavelength resonance of the midcavity (c/21 m ). ͑Note that in the case of MI's syllabic /./, the lengths of the tube formed by the pharyngeal constriction and the midcavity are the same.͒ Again, the F4 frequencies by this method are given in 
F3 calculation
Stevens ͑1999͒ and Alwan et al. ͑1997͒ assume that F3 results from the front cavity represented by a large volume, including the sublingual cavity, and by a narrowed lip opening. Both assume that for tip-up /./'s the volume of the front cavity may not be large enough to account for F3 unless the sublingual space is included. For tip-down /./'s, both assume the front cavity is large enough to account for F3 as a front cavity resonance. Because the contribution of the sublingual space to the volume of the front cavity is reduced as the tongue tip moves down, Alwan et al. note the possibility of a trading relation between sublingual space volume ͑for tip-up /./'s͒ and a relatively more posterior palatal constriction for tip-down /./'s. In other words, front cavity volume, and consequent low F3, may be maintained by either increasing the sublingual space or by moving the palatal constriction back and thereby increasing the length of the front cavity. Although neither paper specifically suggests a mechanism whereby the increase in volume would lower F3, there are two possibilities: ͑1͒ that the sublingual space acts to increase the length of the front cavity, thereby lowering its full set of resonant frequencies, or ͑2͒ that the sublingual space, by increasing the front cavity volume-to-lip constriction ratio, contributes to the formation of a front cavity with the shape of a Helmholtz resonator.
To calculate F3, we assume that the front cavity can be decoupled from the palatal constriction. Further, the results of experiment 3 suggest that the sublingual space acts to increase the volume of the front cavity and thereby lower the frequency of F3. Thus, to calculate F3, we combined the front cavity and the sublingual space into one uniform tube. The lengths of the oral cavity and the sublingual cavity were added and the average of the areas involved was taken as an estimate of the uniform area. F3 was calculated by summing the admittance of the combined oral and sublingual cavity In experiments 1, 2, and 3, we use MRI-derived dimensions and the Maeda computer simulation program to present evidence from several sources that F3 is a front cavity resonance. In experiment 1, we show that the effects of eliminating the pharyngeal constriction on F3 are minimal. In experiments 2 and 3, we further demonstrate that in fact the addition of the sublingual space is crucial for achieving F3 values that match the full range of speakers' values. By comparing the results of experiments 3 and 4, we further show that the sublingual space acts to extend the front cavity. Furthermore, for articulatory configurations with limited sublingual area, such as the ones reported in this study, the branch cavity antiresonance is well above the region of F3 ͑Ͼ5000 Hz͒ so that it is not a factor in predicted F3 for /./. ͓Note that, in a tip-up retroflex /./ where the tongue dorsum is lowered ͑Stevens, 1999; Narayanan et al., 1999͒, the sublingual cavity may be considerably longer so that the antiresonance may occur in a region close to F3 or F4.͔ In experiment 5, we developed a simple tube model based on the MRI-derived dimensions, and show that F3 can be derived by positing ͑1͒ a lip constriction formed by the tapering gradient of the teeth and lips ͑with or without rounding͒, and ͑2͒ a large-volume cavity behind it and anterior to the palatal constriction. The larger volume in turn results from a combination of the front cavity proper together with the volume of the sublingual space. Narayanan et al. ͑1999͒ discuss a similar role for the front cavity in Tamil retroflex liquids. For these retroflex liquids, however, a tongue tip-up articulatory configuration with less-pronounced lip constriction and a long sublingual space allowed application of Stevens' model ͑1999͒ of the front cavity as a quarter-wavelength resonator. An interesting aspect of the difference between the Stevens ͑1999͒ model and our own model is the contrast between the role of the lip constriction and the sublingual space. If the lip constriction and tapering produce a front cavity of a Helmholtz shape, adjustments to lower F3 must have the effect of adding to the volume of the cavity. As noted above, this effect may be produced either by the addition of a sublingual space, or by more posterior placement of the palatal constriction. We may imagine here a trading relation between the placement of the palatal constriction and the existence of a sublingual space, such that each contributes to increasing the volume of the cavity. On the other hand, if the lip constriction is wide enough that the front cavity is best modeled as a quarter-wavelength resonator, the dimension that matters most for lowering F3 is an increase in the length of the front cavity. Again, we may imagine a trading relation between increases to the length of the front cavity and the narrowing of the lip constriction, in essence, a trading relation between a Helmholtz-type and quarterwavelength model of the front cavity acoustics. These putative trading relations are slightly different, but complementary to, the trading relations between measures of palatal constriction location, degree, and length discussed in Guenther et al. ͑1999͒. In addition, the formation of a separate lip protrusion channel has a lowering effect on F3. Because the MRI-derived configurations of speakers PK and MI describe bunched configurations, it might be tempting to assume that the Helmholtz shape is typical of bunched configurations, while the quarter-wavelength shape characterizes retroflex configurations such as those in Narayanan et al. ͑1999͒. Please note, however, that lip constriction dimensions are not available for the retroflex /./ of Ong and Stone ͑1998͒, or for any other American English tip-up retroflex /./. ͓The dimensions in Fant ͑1960͒ are based on a Russian trilled /./.͔ Thus, although we can posit a general trading relation, we cannot relate it to the classical contrast between retroflex and bunched /./'s in any detail.
In this paper, we have discussed the sublingual space only in the context of how it helps to lower F3. However, the sublingual space also functions as a side branch ͑that can itself be modeled as a quarter-wavelength tube͒, introducing an antiresonance in the spectrum of /./. For the articulatory configurations considered in this paper, the side branch is no more than 1.5 cm long, producing an antiresonance between 5-6 kHz. Note that configurations exist where the sublingual space is considerably longer, as in the Tamil /./ described by Narayanan et al. ͑1999͒ and the retroflex /./ assumed by Stevens ͑1999͒. In such cases, the antiresonance is between 3-4 kHz. An antiresonance in this region of the spectrum may have a considerable effect on the distinctive acoustic profile of /./.
Another interesting result of the modeling involves the role of the pharyngeal constriction. In the case of PK, the pharyngeal constriction is narrow enough so that the back part of the vocal tract behind the palatal constriction is best modeled as a double-Helmholtz resonator. On the other hand, for MI, the pharyngeal constriction is wider so that this portion of the vocal tract is best modeled as a halfwavelength resonator. These different models result in very different values of F4 for PK and MI. In both cases, F4 is a half-wavelength resonance. However, in the case of PK, the length of the cavity is only about 4 cm long, resulting in a frequency for F4 around 4200 Hz. On the other hand, for MI, the length of the half-wavelength resonator is around 12 cm, resulting in an F4 frequency around 2900 Hz.
IV. CONCLUSION
Our primary aim in this paper was to examine and modify existing acoustic models of American English /./, using recently obtained MRI-derived vocal-tract dimensions. A second aim was to model the full range of formant frequencies, and in particular F3, produced by our speakers. We first considered the Perturbation Theory account of /./ acoustics, and found that the placement of constrictions in the MRI-derived data did not match predicted locations. We then proceeded by using MRI-derived vocal-tract dimensions as input to the Maeda VTCALCS program. Comparing these results to the range of actual formant frequencies produced by our speakers, we found that even in the case of tip-down bunched /./, the addition of the sublingual space to the front cavity was necessary to achieve F3 frequencies that match speakers' mid-and low-range F3 values. We then developed a simple tube model whose output formant frequencies match those derived via the Maeda computer simulation model and actual MRI-derived dimensions. As such, it adequately accounts for the cavity affiliations and frequencies of F1, F2, F3, and F4. In this model, F3 is a front cavity resonance where the front cavity includes a lip constriction formed by the tapering gradient of the teeth and lips ͑with or without rounding͒ and a large volume cavity behind it that includes the sublingual space. The sublingual space acts to increase the volume of the cavity and thereby lower F3. The results also suggest that F1, F2, and F4 arise from the palatal constriction and/or the cavities posterior to it.
Although to this point we have largely succeeded in modeling the mid-to-low range of F3, we have not yet fully accounted for the lowest F3 values. This may stem from the fact that the MRI-derived dimensions and the real words were recorded at different time points; in other words, during the MRI experiment the speakers may actually have been producing /./'s with F3's in their own midrange. Also, the nature of the MRI technique, and the orientation of the magnetic coil, means that peripheral structures such as lips and glottis are imaged with less accuracy. The error in imaging the lip area may be as much as 1 cm; an increase or decrease of this magnitude in lip protrusion or narrowing would have a major effect on F3. In addition, other acoustic mechanisms that we have not considered may be at work. Recent work, Story, Titze, and Hoffman ͑1998͒ and Dang and Honda ͑1997͒, for instance, document the role of the piriform sinuses in lowering formant frequencies. We hope to explore these issues further in future research.
